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Abstract. We discuss continuity of the twisted convolution on 
(weighted) Fourier modulation spaces. We use these results to es- 
tablish continuity results for the twisted convolution on Lebesgue 
spaces. For example we prove that if u> is an appropriate weight and 
1 < P < 2, then L p , s is an algebra under the twisted convolution. 

We also discuss continuity for pseudo-differential operators with 
symbols in Fourier modulation spaces. 



0. Introduction 

In this paper we continue the discussions from [22] concerning conti- 
nuity and algebraic properties for pseudo-differential operators in back- 
ground of Lebesgue spaces and the theory of modulation spaces. These 
investigations also involve studies of twisted convolutions, which are 
connected to the pseudo-differential calculus, in the sense that the 
Fourier transform of a Weyl product is essentially a twisted convolution 
of the Weyl symbols. By combining the latter property with continuity 
results of the Weyl product on modulation spaces in [22], we establish 
continuity properties of the twisted convolution on Fourier modulation 
spaces. From these results we thereafter prove continuity properties of 
the twisted convolution on weighted Fourier Lebesgue spaces. 

We also consider continuity for pseudo-differential operators with 
symbols in Fourier modulation spaces. We establish continuity proper- 
ties of such pseudo-differential operators when acting between modu- 
lation spaces and Fourier modulation spaces. These investigations are 
based on an important result by Cordero and Okoudjou in [2] concern- 
ing mapping properties of short-time Fourier transforms on modulation 
spaces. 

The (classical) modulation spaces M p ' 9 , p, q e [l,oo], as introduced 
by Feichtinger in [5], consist of all tempered distributions whose short- 
time Fourier transforms (STFT) have finite mixed L p ' q norm. (Cf. 
[8] and the references therein for an updated describtion modulation 
spaces.) It follows that the parameters p and q to some extent quan- 
tify the degrees of asymptotic decay and singularity of the distribu- 
tions in M p ' q . The theory of modulation spaces was developed further 
and generalized in [6,7,9-11,14], where Feichtinger and Grochenig es- 
tablished the theory of coorbit spaces. In particular, the modulation 
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spaces MM and WM, where u> denotes a weight function on phase 
(or time-frequency shift) space, appears as the set of tempered (ultra-) 
distributions whose STFT belong to the weighted and mixed Lebesgue 
space L™,s and LM, respectively. (See Section[T]for strict definitions.) 
By choosing the weight uj in appropriate ways, the space becomes 
a Wiener amalgam space, introduced in [3] by Feichtinger. 

A major idea behind the design of these spaces was to find useful 
Banach spaces, which are defined in a way similar to Besov and Triebel- 
Lizorkin spaces, in the sense of replacing the dyadic decomposition on 
the Fourier transform side, characteristic to Besov and Triebel-Lizorkin 
spaces, with a uniform decomposition. From the construction of these 
spaces, it turns out that modulation spaces of the form MM and Besov 
spaces in some sense are rather similar, and sharp embeddings between 
these spaces can be found in [36,38], which are improvements of certain 
embeddings in [13]. (See also [28] for verification of the sharpness.) In 
the same way it follows that modulation spaces of the form WM and 
Triebel-Lizorkin spaces are rather similar. 

During the last 15 years many results have been proved which confirm 
the usefulness of the modulation spaces and their Fourier transforms 
in time-frequency analysis, where they occur naturally. For example, 
in [11,15,20], it is shown that all such spaces admit reconstructible 
sequence space representations using Gabor frames. 

Parallel to this development, modulation spaces have been incorpo- 
rated into the calculus of pseudo-differential operators. In fact, in [27], 
Sjostrand introduced the modulation space M 00 ' 1 , which contains non- 
smooth functions, as a symbol class and proved that M 00 ' 1 corresponds 
to an algebra of operators which are bounded on L 2 . 

Grochenig and Heil thereafter proved in [15, 17] that each opera- 
tor with symbol in M 00 ' 1 is continuous on all modulation spaces M p ' q , 
p,q G [l,oo]. This extends Sjostrand's result since M 2 ' 2 = L 2 . Some 
generalizations to operators with symbols in general unweighted mod- 
ulation spaces were obtained in [18,36], and in [37,39] some further 
extensions involving weighted modulation spaces are presented. Mod- 
ulation spaces in pseudodifferential calculus is currently an active field 
of research (see e.g. [16,18,19,21,24-26,28-30,33,36,39]). 

In the Weyl calculus of pseudo-differential operators, operator com- 
position corresponds on the symbol level to the Weyl product, some- 
times also called the twisted product, denoted by #. A problem in this 
field is to find conditions on the weight functions uij and pj, qj G [1, oo], 
that are necessary and sufficient for the map 

(0.1) y(R 2d ) x y(R 2d ) 3 (ax, a 2 ) i-> ai#a 2 G J^(R 2d ) 

to be uniquely extendable to a map from MjJ(R 2d ) x M^ 2 (R 2d ) to 
M^°(R 2d ), which is continuous in the sense that for some constant 
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C > it holds 



(0.2) ||ai#a. 2 || A/ po.go < C||ai|| M Pi.9i ||a 2 ||_ M -f2>92, 

when a t G MgJ(R 2d ) and a 2 G MP*f(R 2d ). Important contributions 
in this context can be found in [16,22,24,27,33], where Theorem 0.3' 
in [22] seems to be the most general result so far. 

The Weyl product on the Fourier transform side is given by a twisted 
convolution, * a . It follows that the continuity questions here above are 
the same as finding appropriate conditions on Uj and Pj, qj G [1, 00], in 
order for the map 

(0.3) y{R 2d ) x y{R 2d ) 3 (ai, a 2 ) i-> a x * a a 2 G J^(R 2d ) 

to be uniquely extendable to a map from Wfff (R 2d ) x W^1 2 (R 2d ) to 
Wf^?°(R 2d ), which is continuous in the sense that for some constant 
C >°0 it holds 

(0.4) ||di * a a 2 1| vk po ' 9q — C|| a l|liy P1 ' 91 || a 2||iy P2 ' 92 ' 

when ai G W^\R 2d ) and a 2 G W[^f(R 2d ). In this context the conti- 
nuity result which corresponds to Theorem 0.3' in [22] is Theorem 12.31 
in Section El 

In the end of Section [2] we especially consider the case when pj = 

2 2 9 

qj = 2. In this case, agrees with L* u .y for appropriate choices 

of Uj. Hence, for such u>j, it follows immediately from Theorem 12.31 
that the map (10.31) extends to a continuous mapping from L 2 ^(R 2d ) x 
L 2 W2) (R M )toL 2 wo) (R 2d ),andthat 

II o-i *<7 a 2 ||z, 2 < C||«i||l 2 JKHz 2 

(^0) C w iJ ("2) 

when ai G Lj^^R 2 ^) and a 2 G L 2 w ^(R M ). In Section [2] we prove a 
more general result, by combining this result with Young's inequality, 
and then using interpolation. Finally we use these results in Section [3] 
to enlarge the class of possible window functions in the definition of 
modulation space norm. 

1. Preliminaries 

In this section we recall some notations and basic results. The proofs 
are in general omitted. 

We start by discussing appropriate conditions for the involved weight 
functions. Assume that u and v are positive and measureable functions 
on H d . Then lj is called v -moderate if 

(1.1) w(x + y) < Cuj(x)v(y) 

for some constant C which is independent of x, y G R d . Iff in (11.11) can 
be chosen as a polynomial, then uj is called polynomially moderated. 
We let ^(R d ) be the set of all polynomially moderated functions on 
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R d . If u(x,£) G <^(R 2c( ) is constant with respect to the x-variable 
(^-variable), then we sometimes write o>(£) (w(x)) instead of u(x,£). 
In this case we consider u as an element in <^(R 2d ) or in ,^(R d ) 
depending on the situation. 

The Fourier transform & is the linear and continuous mapping on 
j5^"(R d ) which takes the form 

= /(0 = (2vr)^/ 2 / /(xje-*^ d* 

when / G L 1 (R d ). We recall that & is a homeomorphism on ^'(R^) 
which restricts to a homeomorphism on o$^(R d ) and to a unitary oper- 
ator on L 2 (R d ). 

Let G ^'(R d ) be fixe d, and let / e ^'(R d )- Then the short-time 
Fourier transform V v f(x, £) of / with respect to the window function 
(p is the tempered distribution on R M which is defined by 

If /, </? G ^(R d ), then it follows that 

= (27r)^/ 2 | f(y)tp(y-x)e- i Mdy. 

Next we recall some properties on modulation spaces and their Fourier 
transforms. Assume that uj G £P(R 2d ) and that p, q G [1, oo]. Then the 
mixed Lebesgue space Z^'^(R 2d ) consists of all F G Lj oc (R 2d ) such 

that II-^Hl^ < oo, and L^ } (R 2d ) consists of all F G L] oc {R 2d ) such 

that ||F||rp,9 < oo. Here 

W F \k:U = (/ (/ \Hz,tMz,t)\ p te) q/P dZ) 1/q , 

and 

\\ F Hu = (/ (/ \n*,tM*,t)\ 9 dzy /q <b) 1/p , 

with obvious modifications when p = oo or q = oo. 

Assume that p, q G [l,oo], G ^(R M ) and <p G y(R d ) \ are 
fixed. Then the modulation space M™(R d ) is the Banach space which 
consists of all / G y"(R d ) such that 

(1-2) ll/IU- = 11^/11%, < oo. 

The modulation space W^(R d ) is the Banach space which consists of 
all / G ^'(R*) such that 

(1-3) 11/11*™ = \Kf\h U < oo. 
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The definitions of M™(R d ) and WM(R d ) are independent of the choice 
of ip and different ip gives rise to equivalent norms. (See Proposition 
11.11 below) . From the fact that 

Veffo -x) = e^%f(x,0, <p(x) = <p{-x), 
it follows that 

feW™(R d ) <=► feM™ o) (R d ), Wb (e,-x) = w (x,0. 

For conveniency we set MM = MM, which agrees with WM = WM. 
Furthermore we set = M™ and = W™ if u = 1. If u is 

(u>) (u>) 

given by w(:e, £) = ^(x)^^), for some lui,uj2 G ^(R d ), then is 
a Wiener amalgam space, introduced by Feichtinger in [3]. 

The proof of the following proposition is omitted, since the results 
can be found in [4,5,9-11,15,36-39]. Here and in what follows, p' G 
[l,oo] denotes the conjugate exponent of p G [l,oo], i.e. 1/p+l/p' = 1 
should be fulfilled. 

Proposition 1.1. Assume that p,q,Pj,qj G [l,oo] for j = 1,2, and 
u,ui,U2,v G ^ > (R 2d ) are such that u is v-moderate and u>2 < Cuj\ for 
some constant C > 0. Then the following are true: 

(1) if<p G M ( ^(R d )\0, then f G M ( p ^(R d ) if and only if (L2D holds, 
i. e. M™(R d ). Moreover, MM is a Banach space under the 
norm in ( 11.21) and different choices of ip give rise to equivalent 
norms; 

(2) if pi < p 2 and q% < q 2 then 

y(R d ) M^(R n ) M^f(R d ) ^'(R d ); 

(3) t/ie L 2 product ( • , • ) on ^ extends to a continuous map from 
M™(R n ) x M ( p 1 ' / ^ ) (R d ) to C. On the other hand, if \\a\\ = 
sup | (a, 6)|, where the supremum is taken over all b G S^{R d ) 
such that H&H p ' iq ' < 1, then \\ ■ || and || • \\M p - q are equivalent 

M (l/u) (<•>) 

norms; 

(4) if p,q < oo, then y(R d ) is dense in M™(R d ) and the dual 
space of MM(R d ) can be identified with MMj,{R d ) ! through the 
form ( • , -)l2. Moreover, S^{R d ) is weakly dense in M^(R d ). 

Similar facts hold if the MM spaces are replaced by WM spaces. 

Proposition 11.11 (1) allows us be rather vague concerning the choice 
of ip G Mi, \ in ( 11 .2D and ( 11.31) . For example, if C > is a constant 
and srf is a subset of then ||a|| w p.9 < C for every a G means 

that the inequality holds for some choice of ip G MK \ and every 
a G srf . Evidently, a similar inequality is true for any other choice of 
ip G Mhs \ 0, with a suitable constant, larger than C if necessary. 
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In the following remark we list some other properties for modulation 
spaces. Here and in what follows we let (x) = (l + |x| 2 ) 1//2 , when x G R d . 

Remark 1.2. Assume that p,Pi,P2,Q,Qi,Q2 G [l,°o] are such that 

qi < min(p, p'), q 2 > max(p,p'), p x < min(g, q'), p 2 > max(g, q'), 

and that u,v G £P(R 2d ) are such that u is f-moderate. Then the 
following is true: 

(1) if p < q, then Wf^{R d ) C M^(R d ), and if p > q, then 
M^(R d ) C W^(R d ). Furthermore, if u(x,g) = u(x), then 

Mf£(R d ) C W^(R d ) C L^(R d ) C W™» (R d ) C M™ 2 (R d ). 

In particular, M 2 ^ = Wfa = L 2 w) . If instead u(x,£) = u(£), 
then 

Wj^R") C M^(R d ) C ^ } (R d ) C M™(R d ) C W$*(R d ). 
Here <FL^ o) (R d ) consists of all / G ^'(R*) such that 

||/wo||l« < oo; 

(2) if £) = oo(x), then the following conditions are equivalent: 

. M™(R d )CC(R d ); 

. W™(R d ) C C(R rf ); 
• 5 = 1. 

(3) M 1 - 00 (R <i ) and W 1 ' 00 (R <i ) are convolution algebras. If C^(R d ) 
is the set of all measures on R d with bounded mass, then 

W 1>0O (R d ) C C^(R d ) C M 1 ' 0O (R d ); 

(4) if xo G R d is fixed and Wo(0 = w{xq, 0? then 

n £' = w™ n <f = pl*^ n £'■ 

(5) if cu(x, £) = cuo(£,—x), then the Fourier transform on ,y'(R d ) 
restricts to a homeomorphism from M^(R d ) to M^ o ^(R d ). In 
particular, if = cj , then ^ is invariant under the Fourier 
transform. Similar facts hold for partial Fourier transforms; 

(6) for each x, £ G R d we have 

-^)||mh<c^OII/IIm-, 

and 

\\e l{ -'°f(- -x)\\ w ™<Cv(x,Z)\\f\\w™ 

for some constant C which is independent of / G y'(R d ); 

(7) if u(x,0 = co(x, -0 then / G M™ if and only if / G M™; 
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(8) if s G R and w(x,£) = (0 s , then M 2 {u)) = Wfa agrees with H 2 , 
the Sobolev space of distributions with s derivatives in L 2 . That 
is, H 2 consists of all f e S" such that &~\{ ■ ) s f) G L 2 . 
(See e.g. [4,5,9-11,15,36-39].) 

We also need some facts in Section 2 in [39] on narrow convergence. 
For any / G y f (R d ), u G &>(R 2d ), <f G y{R d ) and p G [1, oo], we set 

Hf,«M = (J \V ip f{x,Z)u{x,£)\>dxy /P . 

Definition 1.3. Assume that f,fj G M^(R d ), j = 1,2,... . Then 
fj is said to converge narrowly to / (with respect to p, q G [1, oo], 
(f G y(R d ) \ and u G 3 g (R 2d )), if the following conditions are 
satisfied: 

(1) fj -> / in ^'(R d ) as j turns to oo; 

(2) H fjilJiP {Z) -> in L 9 (R d ) as j turns to oo. 

Remark 1.4. Assume that /, /i, /2, • • • G <5*"(R d ) satisfies (1) in Defini- 
tion [L3l and assume that £ G R d . Then it follows from Fatou's lemma 
that 

liminf .^ p (0 > #/, w ,p(0 and liminf H/J^™ > 

»oo j— >oo (") l"0 

The following proposition is important to us later on. We omit the 
proof since the result is a restatement of Proposition 2.3 in [39]. 

Proposition 1.5. Assume that p,q G [1, oo] with q < oo and that 
uj G > (R 2d ). Then C£°(R d ) is dense in M™(R d ) with respect to the 
narrow convergence. 

Next we recall some facts in Chapter XVIII in [23] concerning pseudo- 
differential operators. Assume that a G ^(R 2d ), and that t G R is 
fixed. Then the pseudo-differential operator a t (x,D) in 

(a t (x,D)f)(x) = (0 Vt (a)f)(x) 
(L4) = (2*r d f j a((l - f)z + ty, r ^ «. 

is a linear and continuous operator on y(R d ). For general a G ^'(R M ), 
the pseudo-differential operator a t (x,D) is defined as the continuous 
operator from y(Tl d ) to ^"(Tl d ) with distribution kernel 

(1.5) K t , (x, y) = (2vr)-"/ 2 (#- 2 - 1 a)((l - t)z +ty,y-x) } 

where is the partial Fourier transform of F(x, y) G ^'(R 2 ^) with 
respect to the ^-variable. This definition makes sense, since the map- 
pings J^2 and F(x, y) t— > F((l — t)x + ty,y — x) are homeomorphisms 
on ^'(R 2 ^). Moreover, it agrees with the operator in (11.4p when a G 
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,y(H 2d ). If t = 0, then a t (x, D) agrees with the Kohn-Nirenberg repre- 
sentation a(x, D). If instead t — 1/2, then a t (x, D) is the Weyl operator 
a w (x, D) of a, and if a, b G y(R 2d ), then the Weyl product a#6 between 
a and 6 is the function which fulfills {a#b) w {x, D) = a w {x, D)b w {x, D). 

Next we recall the definition of symplectic Fourier transform, twisted 
convolution and related objects. The even-dimensional vector space R 2d 
is a (real) symplectic vector space with the (standard) symplectic form 

a(x, Y) = a((x, £); (y, v)) = (y, - {x, v) 

where (•, •) denotes the usual scalar product on R d . 

The symplectic Fourier transform for a G y(R 2d ) is defined by the 
formula 



(JU)PO =a(X) = 




Then J^" 1 = & c is continuous on y(R 2d ), and extends as usual to a 
homeomorphism on y'(R 2d ), and to a unitary map on L 2 (R 2d ). The 
symplectic short-time Fourier transform of a G y'(R 2d ) with respect 
to the window function <p G y'(R 2d ) is defined by 

V v a{X,Y) = & a {ay{ - - X))(Y), X,YeR 2d . 

Assume that u G &>(R 4d ). Then we let M p $(R 2d ) and W(^(R 2d ) 
denote the modulation spaces, where the symplectic short-time Fourier 
transform is used instead of the usual short-time Fourier transform 
in the definitions of the norms. It follows that any property valid for 
M™{R 2d ) or W™{R 2d ) carry over to M p $(R 2d ) and Wfjj(R M ) respec- 
tively. For example, for the symplectic short-time Fourier transform we 
have 

(1.6) V^(^ a a)(X,Y) = e 2 ^ Y ^V v a(Y,X), 
which implies that 

(1.7) ^M™(R 2d ) = Wjf 0) (R 2d ), u (X,Y) = u(Y,X). 

Assume that a, b G y(R 2d ). Then the twisted convolution of a and 
b is defined by the formula 

(1.8) (a * a b)(X) = (2/nf 2 j a(X - Y)b{Y)e 2t ^ x ^ dY. 

The definition of * CT extends in different ways. For example, it extends 
to a continuous multiplication on L p (R 2d ) when p G [1,2], and to a 
continuous map from y'(R 2d )xy(R 2d ) to y\R 2d ). If a, be ,9"{R 2d ), 
then a#b makes sense if and only if a * a b makes sense, and then 

(1.9) a#6= (2ny d / 2 a* (T (^ a b). 

We also remark that for the twisted convolution we have 



(1.10) 



&o{a * CT b) = (J» * a b = a * CT (& a b), 

8 



where a(X) = a(—X) (cf. [32,33,35]). A combination of (11.90 and 
ffTTTOl) give 

(1.11) ^(a#6) = (27r)- d / 2 (JU) («)• 

2. Twisted convolution on modulation spaces and 

Lebesgue spaces 

In this section we discuss algebraic properties of the twisted convo- 
lution when acting on modulation spaces of the form WM. The most 
general result is equivalent to Theorem 0.3' in [22], which concerns con- 
tinuity for the Weyl product on modulation spaces. Thereafter we use 
this result to establish continuity properties for the twisted convolution 
when acting on weighted Lebesgue spaces. 

The following lemma is important in our investigations. The proof 
is omitted since the result is an immediate consequence of Lemma 4.4 
in [33] and its proof, ([PL Oil and (TETUj) . 

Lemma 2.1. Assume that a x G y'{R 2d ), a 2 G y(R 2d ) and (fi,(p 2 G 
<5?(R 2d ). Then the following is true: 

(1) ifip = 7r d (/9i#v?2, then <p G y(R 2d ), the map 

Z » e 2iCT ^ y )(V Xl a 1 )(X -Y + Z,Z) (V X2 a 2 )(X + Z,Y - Z) 
belongs to L 1 (R 2d ), and 

(2.1) V v (a 1 #a 2 )(X,F) 

= J e 2iCT(Z ' y) (V Xl a 1 )(X -Y + Z,Z) (V X2 a 2 )(X + Z,Y - Z) dZ ; 

(2) if(p = 2 -< Vi *<x ¥2, then if G y(R 2d ), the map 

Z i > e 2i ^ x ' z ~ Y \V Xiai )(X -Y + Z,Z) {V X2 a 2 ){Y -Z,X + Z) 
belongs to L 1 (R 2d ), and 

(2.2) V v ( ai * a a 2 )(X,Y) 

= J e 2i<j(x ' z - y) (V Xl ai)(X -Y + Z,Z) {V X2 a 2 ){Y -Z,X + Z)dZ 

The first part of the latter result is used in [22] to prove the following 
result, which is essentially a restatement of Theorem 0.3' in [22]. Here 
we assume that the involved weight functions satisfy 

(2.3) uj (X, Y) < Cu^X-Y+Z, Z)uj 2 (X+Z, Y-Z), X,Y,Z G R 2d . 
for some constant C > 0, and that pj, qj G [1, oo] satisfy 

, . Ill /111 
2.4 — + = i_(_ + 

Pi P2 PO Vft. q.2 QO 
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and 

, . 11111111 
2.5 0<- + <-,-<- + , .7 = 0,1,2. 

Pi P2 Po Pj qj qi Q2 go 

Theorem 2.2. Assume that ct>o,o'i,u>2 G ^>(R 4d ) satisfy flZTJ), and 
that Pj,qj G [l,oo] /or j = 0,1,2, satisfy (12. 4B and (12.51) . T/ten i/ie 
map (10. ip on ^(R 2 " 1 ) extends uniquely to a continuous map from 
M p ^(R 2d ) x M^ 2 (R M ) fo M^°(R 2d ), and /or some constant C > 
0, the bound holds for every a x G M p { ^ ) 1 {R 2d ) anda 2 G M^ 2 (R M ). 

The next result is an immediate consequence of (11.71) . (II. lip and 
Theorem 12.21 Here the condition (I2.3P should be replaced by 

(2.6) uj (X,Y) < Cu^X-Y+ZtZ^Y-ZtX+Z), X,Y,ZeR 2d . 

and the condition (12.51) should be replaced by 

, x 11111111 
2.7 0<- + <__<_+ , J = 0,1,2. 

Qi <?2 go Pj qj Pi P2 Po 

Theorem 2.3. Assume that ujq, cJi, lu 2 G ^>(R 4d ) satisfy (|2T6|) . and 
thatpj,qj G [l,oo] /or j = 0,1,2, satisfy f[2~4l and (12771) . T/ien i/ie 
map (10.3p on ,5^(R 2d ) extends uniquely to a continuous map from 
W$lf(R M ) x W p *'f{R 2d ) to W^f(R 2d ), and for some constant C > 

0, the bound ((041) holds for every a\ G W^(R 2d ) anda 2 G W^f(R 2d ). 

By using Theorem 12.31 we may generalize Proposition 1.4 in [34] 
to involve continuity of the twisted convolution on weighted Lebesgue 
spaces. 

Theorem 2.4. Assume that u>o, u>±, uj 2 G ^(R 2d ) and p,pi,p 2 G [1, oo] 
satisfy 

uj (X 1 + X 2 ) < Cu x {X 1 )u 2 {X 2 ), pi,p 2 < p 

/l 1\ 1 11 

and max -, — I < 1 < 1, 

\p p 7 pi p 2 p 

for some constant C . Then the map (10.31) extends uniquely to a contin- 
uous mapping from L p ^(R 2d ) x L p ^(R 2d ) to L p ^(R 2d ) . Furthermore, 
for some constant C it holds 

IK * a a 2 \\ L p < C||ai|| L Pi l|a 2 || L *2 , 

(W ) (Uj) (W 2 ) 

when a 1 6iJ i) (R 2ti ), and a 2 G L^ 2) (R M ). 

Proof. From the assumptions it follows that at most one of pi and p 2 
are equal to oo. By reasons of symmetry we may therefore assume that 
p 2 < oo. 
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Since Wfa = M 2 ^ = L 2 u) when u(X,Y) = u(X), in view of Theo- 
rem 2.2 in [37], the result follows from Theorem 12.31 in the case p\ = 
p 2 = p = 2. 

Now assume that 1/pi + l/p 2 — 1/p = 1, ai e L Pl (R 2d ) and that 
a 2 e y(R 2d ). Then 

IK * ff a 2 |U < ( 2 /vr) d/2 || |cn| * \a 2 \ \\ l p < C||oi|| r M ||a 2 || L p 2 

by Young's inequality. The result now follows in this case from the fact 
that y is dense in L?*,, when p 2 < oo. 

The result now follows in the general case by multi-linear interpola- 
tion between the case p\ = p 2 = p = 2 and the case 1 jp\ + 1 jp 2 — 1/p — 
1, using Theorem 4.4.1 in [1] and the fact that 

(i^ ) (R M ),(^ ) (R M )) m = i^ ) (R M ), 

when 

1-0 1 



Pi P2 Po 

(Cf. Chapter 5 in [1].) The proof is complete. □ 

By letting p\—p and p 2 = q < min(p, p'), or p 2 = p and pi = q < 
min(p, p'), Theorem 12.41 takes the following form: 

Corollary 2.5. Assume that cj , c^i, cu 2 G ^*(R m ) and p,q G [1, oo] 

satisfy 

uj (X 1 + X 2 ) < Cu 1 (X 1 )u 2 (X 2 ), and q < min(p,p') 

for some constant C . Then the map (10.31) extends uniquely to a contin- 
uous mapping from If Ui) (R M ) x L\^fi£ d ) or Lj Wi) (R M ) x L^ 2) (R 2d ) 
to o ^(R 2d ). Furthermore, for some constant C it holds 

K* CT a 2 |U <C\\ai\\ Ll ||a 2 |U . 0l e L^ ) (R M ) J a 2 e L^(R M ) 
and 

Ik **a 2 \\ LU) < C^a^J^^ a, G % } (R M ), a 2 G ^(R 3 "). 

In the next section we need the following refinement of Theorem 12.41 
concerning mixed Lebesgue spaces. 

Theorem 12.41 . Assume that k e {1,2}, uj ,uji,uj 2 G <^(R m ) and 
P,Pj,Q,<Jj G [1, oo] /or j = 1,2 safe/?/ 

w (-^i +^2) < C^i(Xi)u; 2 (X 2 ), Pi,p 2 <p, qi,q 2 <q, 
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and 



for some constant C . Then the map (10.31) extends uniquely to a con- 
tinuous mapping from l££ 1 l) (R 2d ) x ££g ) (R 2d ) to L p k '^ o) (R 2d ). Fur- 
thermore, for some constant C it holds 

\\ a l *a 02||l£« , < H^Hz^ 2 ' 92 ? 

k,(u> ) M"i) fc,(w 2 ) 

Proof. The result follows from Minkowski's inequality whenpi — qx — 1 
and when p 2 = g 2 = 1. Furthermore, the result follows in the case 
Pi = T>2 = Qi = 92 = 2 from Theorem 12 .41 In the general case, the 
result follows from these cases and multi-linear interpolation. □ 

3. Window functions in modulation space norms 

In this section we use the results in the previous section to prove 
that the class of permitted windows in the modulation space norm can 
be enlarged. More precisely we have the following. 

Proposition 3.1. Assume that p,Po,q,qo G [1, oo] andu,v G &(R 2d ) 
are such that p , q < min(p,p', q, q'), v = v and u is v-moderate. Also 
assume that f G J?"(R ). Then the following is true: 

(1) if if G M$ qo (R d ) \ 0, then f G M™(R d ) if and only ifVJ G 
L p ' q ^(R ). Furthermore, \\f\\ = ||V^/|| l p,9 ^ defines a norm 

for M™(R d ), and different choices of ip give rise to equivalent 
norms; 

(2) iftpe W$f°{R d ) \ 0, then f G W™{R d ) if and only ifV v f G 

L^'lu) (R M ) • Furthermore, \\f\\ = ||V^/|| l p.9 defines a norm 

for W^ 9 (R d ), and different choices of ip give rise to equivalent 
norms. 

For the proof we recall that the (cross) Wigner distribution of / G 
y'(R d ) and g G y(R d ) is defined by the formula 

W f , g (x,0 = &(f(x/2- ■)g(x/2+ -)(0- 
If f,g G J^(R d ), then W) >9 takes the form 

W>, fl (x, = {^r d/2 f f(x - y/2)g(x + y/2)e^ dy. 

From the definitions it follows that 

W L9 (x,0 = ^e tM/2 V s f(2x,20, 

which implies that 

(3.1) 11^11^=21^/11^, when u (x, = u(2x, 2£) 
for fc = 1, 2. 
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Finally, by Fourier's inversion formula it follows that if fi,g% G 
y{K d ) and f u g 2 G L 2 (R d ), then 

(3.2) W fugi * a W hm = (f 2 , gi ) L >W fu92 . 

Proof of Theorem \3.1\ We may assume that po = <?o = min(p, p', q, q'). 
Assume that (f,ijj G M?°s 9o (R d ) C L 2 (R d ), where the inclusion follows 
from the fact that p , q < 2 and v > c for some constant c > 0. Since 
uj is both f-moderate and w-moderate, and HVL^H^o.so = ||K/iV 9 IIl™ ,< ' 
when v = v , the result follows if we prove that 

(3.3) \KfHu^ cmn^jvM^ 

for some constant C which is independent of / G J?"(Tl d ) and <p,i[) G 
Mg' 90 (R d ). 

If p x =p,p 2 = p , qi = q,q 2 = g , = w(2 • ) and u = v(2 -), then 
Theorem E3 and (JH21) give 

\\VMiM, = Ci\\WfAiM , 

= ^11^/11^11^11^0, 

and ( 13 .31 ) follows. The proof is complete. □ 

4. Pseudo-differential operators with symbols in 
modulation spaces 

In this section we discuss continuity of pseudo-differential operators 
with symbols in modulation spaces of the form WM, when acting be- 
tween modulation spaces. 

The main result is the following theorem, which is based on Propo- 
sition B~2l 

Theorem 4.1. Assume thatp,q G [l,oo], u}\,ui 2 G <^(R M ) and uj G 
^(R 4d ) are such that 

/io/ds /or some constant C which is independent of x, y,£,,r) G R d . 
assume that a G lV^(R 2d ). T%en tte definition ofa(x, D) from y(R, d ) 

to J7"(~R d ) extends uniquely to a continuous mapping from M?J% (R d ) 
to W?£s (R d ) . Furthermore, it holds 



\a(x,D)f\\ w? ,p < C\\a\\ w ™ 



Alf 



for some constant C which is independent of f G M? '% (R d ) and a G 
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The proof is based on duality, using the fact that if a G ^'(R 2d ), 
/, g G y(H d ) and T is the operator, defined by 

(4.2) (Tij>)(x,Z)=il>(Z,-x) 
when ^ G y'(R 2d ), then 

(4.3) (a(a;, J D)/^) L2(Rd) = (2vr)- d / 2 (T(^a), ^) L2(R2d) , 

by Fourier's inversion formula. 

For the proof of Theorem I4.1l we shall combine (14.31) with the follow- 
ing weighted version of Proposition 3.3 in [2]. 

Proposition 4.2. Assume that /i,/2 G ^"(Il d ), p,q G [1, oo], co> G 
^(R 4d ) andux,u 2 G ^(R 2a! ). yl/so assume that<pi,<p 2 G ^(R d ), and 
lei ^ = ^(^2- TTien £/ie following is true: 

(1) 

(4.4) u; (x, f , 77, y) < Cu^-x - y, ij)u 2 (,-y, £ + rj) 
for some constant C, then 

(2) if 

(4.5) wi(-ar - y, rj)uj 2 (-y, £ + rj) < Cu (x, £, 77, y) 
/or some constant C , then 

\KJA\ Ll% JV V J 2 \\ LI% 2) < 6711^(^/2)11^; 

(3) if ((44]) and hold for some constant C, then ft G Mj^(R d ) 
and f 2 G ^)(R"), i/ and only ifV f J 2 G Mj^R^), and 

C~ \\Vfif2\\Mf'\ < 1 1 /l 1 1 iWf , |l/*2 1 1 W,* 3 '^ , <C\\V h f 2 \\M?' q ,-, 

("oJ ("1) ("2) ("0) 

for some constant C which is independent of fx and f 2 . 

Proof. It suffices to prove (1) and (2), and then we prove only (1), since 
(2) follows by similar arguments. We shall mainly follow the proof of 
Proposition 3.3 in [2], and then we only prove the result in the case 
p < 00 and q < 00. The small modifications when p = 00 or q = 00 are 
left for the reader. 

By Fourier's inversion formula we have 

\VM-x-y,r])VM-y,Z + v)\ = \V v (V f J 2 ){x,(,v,y)\ 
(cf. e.g. [2,12,15,31,32]). Hence, if 

Fi(x,€) = V ipi f 1 (x,€)w 1 (x,£) and F 2 (x, f) = V v J 2 (x, £,)u 2 (x, £), 
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then we get 

\\^(Vf 1 f2)\\' 1 L P,q 

= H ( ff \ v *( v hfc)( x ^iViy)uo(x,£,V,y)\ P dxd£) qlV ' dydr) 

J JR 2d K JjR 2d J 

<C ff ( ff \F 1 (-x-y,rj)F 2 (-y^ + V ))^dxd^) q/P dydr]. 

I l R 2d \JJ n 2d ' 



By taking —y, £ + r/, —x — y and rj as new variables of integration, we 
obtain 



\v*(v f j 2 )\\i P 



l.(w ) 



<C q (f (f \Fi{x,rj)\* dxY** 'd V )( f (f \F 2 (y,0\ P dd q/P dy 

y JR d y JR d ' J X JR d y JR d J 

= C Q \\V V1 /l|| q L p,q ||V^ 2 / 2 ||r?,P • 

This proves the assertion. □ 
Proof of Theorem \4-l\ We may assume that (14.11) holds for C = 1 and 



with equality. We start to prove the result when 1 < p and 1 < q. Let 

vo(x, f , v, y) = v(-y, v, f , 

and assume that a E W q { *(Yl 2d ) and f,g e y(R d ). Then a(x,D)f 

makes sense as an element in y'(Tl d ). 
By Proposition 14.21 we get 

(4.6) \\V f g\\ MP ', q '<C\\f\\ MpW \\g\\ wq ,, P , . 

( w o) ( w l) (u" 1 ) 

Furthermore, if T is the same as in (I4.2p . then it follows by Fourier's 
inversion formula that 

(V v (Ta))(x,Z,V,y) = e-^ + ^\V T ?a)(-y, V ,Z,-x). 
This gives 

\(y v (Ta))(x, f , rj, y)uj (x, f , "n, y)^\ 

= \(V vl a)(-y, rj, f , -x)u(-y, rj, f , -x)\, 

when (pi = Ttp. Hence, by applying the L p { q norm we obtain ||Ta|| M p,9 
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It now follows from (12) and (14.61) that 



(4.7) \(a(x,D)f,g)\ = (2n)- d / 2 \(Ta,V 1 f)\ 

ZdWTaW^ \\V f g\\ MpW 

< C 2 \\a\\ w *, P \\f\\ Mf ,y \\g\\ q ,, P , . 

The result now follows by the facts that y(R d ) is dense in M?J% (R d ), 
and that the dual of W^f.^ is when p,q> 1. 

If instead p — 1 and g < oo, or q = 1 and p < oo, then we assume 
that / G Mfji and a e ^(R M ). Then a(x,D)f makes sense as an 
element in ^(R d ), and from the first part of the proof it follows that 
( 14.71) still holds. The result now follows by duality and the fact that 
,y(R 2d ) is dense in W^{H 2d ) for such choices of p and q. 

It remains to consider the cases p = q f = 1 and p = q' = oo. 
In this case, the result follows by using the fact that 5? is dense in 
M^' 1 and with respect to the narrow convergence. The proof is 

complete. □ 
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